Dawes, "Effect of gain anisotropy on low-frequency dynamics in four-level solid-state lasers," Opt. Express 17, 6053-6058 (2009 Abstract: Our anisotropic rate equation model outlines the relationship between the relaxation dynamics in a four-level solid-state laser and its anisotropic gain properties. Anisotropic pump rates and stimulated emission cross-sections were included to account for specific atom orientations in the gain material. The model is compared with experimental measurements of two relaxation oscillation frequencies which are related to the anisotropic atom-laser interaction in orthogonally polarized dual-mode lasers. The model predicts that crystal orientation and pump polarization affect the laser operation characteristics, as found experimentally. The gain anisotropy influences the fast laser dynamics, as in single-mode relaxation oscillations.
Effect of gain anisotropy on low-frequency dynamics in four-level solid-state lasers
Introduction
Since the early days of lasers, rate equation models have been developed to explain experimental laser behavior. Tang, Statz, and deMars (TSD) [1] were successful in explaining multimode phenomena such as anti-phase dynamics [2] , relaxation oscillations (ROs) [3] , and chaos [4] . The TSD rate equations considered spatial hole burning resulting from population inversion gratings created by standing waves. Collective behavior, self-organization and low frequency ROs result from spatial hole burning or cross-saturation in multi-longitudinal mode lasers. Anti-phase dynamics, typically attributed to spatial hole burning, have been observed in Nd:YAG [5] [6] [7] , Yb:YAG [8] , Er,Yb:glass [9] and semiconductor lasers [10] , and in single- [6, 7] and multi-longitudinal-mode lasers [11] . Multi-mode lasers also exhibit mode coupling [9, [12] [13] [14] . Alouini et al. [13] observed mode coupling between different types of modes, i.e., between adjacent longitudinal modes and orthogonal polarizations. While longitudinal mode coupling has been explained using spatial overlap between competing modes, we consider polarization-mode coupling in the context of gain anisotropy in diode-pumped Nd:YAG lasers [15] [16] [17] , following the work of Otsuka [18] on effects such as emission cross-section and fluorescence properties in strongly anisotropic Nd lasers. His rate equation model and experiments showed dual-polarization oscillations [18] . Polarization effects in solid-state lasers were considered by Zeghlache et al. [19] , who assumed the existence of a transverse distribution of dipole moments, producing vectorial atomic polarizations. They assumed dipole moments of equal magnitudes along the atomic axes with random orientations. Brunel et al. [20] applied Zeghlache's approach [19] to explain nonlinear dynamics in dual-polarized microchip lasers from the interplay between the beat frequency and RO frequencies. Khandokhin et al. [21] observed low-frequency polarization dynamics in Nd-doped optical fiber lasers with elliptically polarized fields and randomly oriented dipoles. Wagener et al. [22] included the effect of gain anisotropy in erbium-doped fiber lasers with Mueller matrices. Dalgliesh et al. [23, 24] used dipole moments aligned to 6 distinct atomic sites to model the polarization behavior of single-mode Nd:YAG lasers.
While Maxwell-Bloch equations explain the atom-laser interactions and anisotropic characteristics of solid-state lasers [23, 24] , they involve many variables with complex equations. The Maxwell-Bloch equations can be reduced to relatively simple rate equations with proper approximations. For example, if the rate of change of atomic coherences in solidstate lasers is fast, then the atomic polarizations can be obtained as a function of the population difference between the upper and lower energy levels. For dual-orthogonallypolarized lasers, further simplifications can be made if the beat frequency is high compared to the inverse of the population inversion lifetime and if side-band frequencies generated by mode beating are not resonant with the laser cavity.
In this paper, we assume that such conditions are met, and present a rate equation model to account for the anisotropic laser-atom interactions. This model demonstrates that a second RO exists in dual-orthogonally-polarized lasers when the dipole moments are anisotropic. The crystal orientation and pump polarization (i.e., the gain anisotropy) also influence the RO frequencies. Experimental results illustrating the validity of the model and weak anisotropic effects in (111)-cut Nd:YAG laser material are also presented.
Anisotropic rate equations
Active atoms in crystalline solid-state lasers can be grouped into N atomic groups depending on the effective stimulated emission cross-sections [23] , pumping rates and crystal symmetry. For simplicity, we assume that the laser eigen-polarization directions are pre-determined to be along the x and y axes by optical components inside the laser cavity. The anisotropic rate equations for the photon density φ x for the x-polarized beam and φ y for the y-polarized beam can be obtained by extending the four-level laser rate equations given by reference [25] ( )
ln
where n i is the shared population inversion between both orthogonal polarizations and ,
n n are polarized population inversions for each atomic group; t r is the cavity round trip time; R, the output coupler reflectivity; L x , L y the cavity losses for x-and y-polarized beams, respectively; γ is the population inversion parameter, which is the change of the total population inversion due to stimulated emission of a photon [25] (γ=1 for four-level lasers); c is the velocity of light; τ s is the lifetime of the population inversion; and β is the polarization mode overlap integral within the gain medium, which causes a population grating [1] in which the population inversion is shared by both polarizations. Λ i is the pumping rate to the i-th group of atoms [7, 23] which depends on the atomic orientations, the absorption cross sections along the specific atomic axis, and the pump laser polarization. In Nd:YAG, the active atoms can be divided into N = 6 groups according to their orientations and possible substitution sites in the YAG crystal. Pump diffusion and pump reabsorption also influence the laser dynamics [26] , but we assume that these are small, and only consider effects of anisotropic interactions.
The effective stimulated emission cross-sections σ x i and σ y i for x-and y-polarized beams were calculated from stimulated emission cross-sections σ q , σ r , σ s along the atomic axes ) , , ( s r q , using coordinate transformations from the atomic axis frame to the laboratory frame. The dipole moment ratios for Nd:YAG at the lasing wavelength (p q :p r :p s ≡ 4.0:1.3:4.1) and pump wavelength (p q :p r :p s ≡ 4.5:3.4:1.8) are from Refs. [23, 24] . Absolute values of the dipole moments were determined from the stimulated emission cross section (σ = 2.8×10 −19 cm 2 ) and the ratio of dipole moments along the dipole axes of Nd:YAG. Steady-state photon densities and optical powers, and carrier densities for each group were found from the solutions of Eqs. (1)- (5) . Figure 1(a,b) shows the calculated output power of a dual-mode Nd:YAG laser vs crystal orientation φ c and relative pump polarization angle φ p .
The parameters used for the calculations (chosen for our experimental laser) were R = 0.97, t r = 267 ps, γ = 1, τ s = 230 µs, L x = L y = 0.06, l = 2 mm, pump power 450 mW, pump beam diameter 200 µm and laser beam diameter 150 µm. We assumed β → 1 due to strong polarization mode overlap effects from the co-located gain crystal and input mirror, and single longitudinal mode operation. Experimental measurements were made using a single-longitudinal-mode dualpolarization laser, shown in Fig. 2 . The 4-cm long Fabry-Perot resonator incorporated a 2-mm long 1%-doped (111)-cut Nd:YAG gain crystal; a 21-mm long z-cut lithium niobate electrooptic crystal; a 30% partially reflecting 0.5-mm long etalon (for single longitudinal mode operation); a planar input mirror and a 15-cm radius of curvature output mirror (R = 97%). The resonator mirrors were dielectric-coated (high reflectivity at 1.064 µm and transmissive at the pump wavelength) for single-pass longitudinal pumping. The pump source, an 808 nm fiber-coupled diode laser was polarized and focused into the gain crystal with a spot size of ~200 µm. The absorbed pump power was 1.2 to 1.5 times the laser threshold level for single longitudinal mode operation. A rotatable half waveplate controlled the pump polarization angle. Crystal mounting stresses were minimized to avoid birefringence. A small voltage was applied across the lithium niobate crystal to control the laser polarization axes, resulting in two orthogonal linear polarizations with a small optical frequency difference of ~150 MHz. The single-transverse-mode output of the dual-polarization laser was split into two paths using a polarizing beam splitter and thermal-based power meters measured the polarized power in each path. Amplified fast photodiodes monitored the transient dynamics of each polarization. For the same single crystal angle as shown in Fig. 1(c,d) , the pump polarization controlled the laser output power in each polarization direction, giving excellent agreement with the rateequation model. In addition, the output power variations with pump laser polarization angles are consistent with those observed in Refs [15] [16] [17] 24] but experimental tests of the power dependence on the crystal angle are not practical due to the small power variation predicted. Fig. 1 ) and polarization dynamics (see Fig. 3 ) of the dual-polarization laser. E is an etalon; OC laser output mirror; HWP is a half-waveplate; PBS is a polarization beam splitter; G are glass slides reflecting ~4%; PM are optical power meters; and PD are >1 MHz bandwidth photodiodes.
Relaxation oscillation frequencies
Small-signal dynamical behavior can be studied using linearized rate equations. In most solidstate lasers, the population-inversion lifetime is long compared to the photon lifetime, and typical RO frequencies exceed the inverse of the population inversion lifetime. Neglecting slow population-inversion decay rates, we obtain the characteristic equation: were obtained by solving Eq. (6) with
where the set {i,j} for Nd:YAG is defined by the k-subset of a set of 6 elements containing exactly 2 elements. The temporal gain (increasing photon density) due to the i-th atomic group is given by ( )
for the x-polarized beam and
is the population inversion decay rate by stimulated emission into the x-polarized beam. The modeled RO frequencies are plotted in Fig. 3(a,b) . An analytical solution for the RO frequencies is 2 2 1 1 .
Here r i is the related to the pumping rate by respectively. Neglecting the gain and pump polarization anisotropy, Eq. (9) reduces to the RO frequency relationship for a single-mode laser [27] .
Refs [15] [16] [17] discuss the impact of pump polarization on the ROs but without considering the crystal angle and pump-polarization. We previously studied both pump-polarization and crystal-orientation effects in a (100)-cut Nd:YAG dual-polarization laser [7] . This cut of Nd:YAG is weakly biaxial, switching between regions where a single polarization dominates because of strong gain anisotropy, and others with dual-polarization oscillations. However, the standard (111)-cut Nd:YAG has more subtle low-frequency dynamics. The in-phase (or McCumber) RO frequency (ω R ) calculated from RIN spectra [7] , and shown in Fig. 3(a) , is almost constant (less than 1% fluctuation) as pump polarization and crystal angle are varied, and is proportional to the square-root of pump power. The anti-phase RO (ω L , see Fig. 3(b) ) varies robustly as a function of both pump and crystal angles. The anti-phase RO shows a stronger dependence on the crystal angle (than the in-phase RO) because of the stimulated emission and gain anisotropy from each group (or crystallography site) of atoms. The experimental anti-phase RO frequencies (red squares in Fig. 3(c) ) demonstrate excellent agreement despite the effect of power fluctuations on ω R measurements. The crystal angle was set to ~35° with respect to the YAG unit cell in Fig. 3(c) and (d) . Fig. 3(d) shows the experimentally measured mode-coupling constant (ratio of RO frequencies -see [9] ) as a function of pump polarization angle at fixed crystal angle and low output power as in Fig. 1 . The coupling constant depends on the self-and cross-saturation coefficients used in Lamb's analysis [12] and defines simultaneity and bistability regimes [9] ; serving as a figure of merit [6, 7] in dual-polarization lasers. The ratio of the RO frequencies depends on the crystal anisotropy. The effect of anisotropy on the fast dynamics shows the importance of crystal angle. For example, if the gain crystal was rotated by 30° then the trends shown in Fig. 1(c,d) remain the same but the anti-phase RO frequencies and the mode coupling in Fig. 3(c,d ) appear as if pumped by the orthogonal polarization. ) as a function of pump polarization angle.
In conclusion we have developed an anisotropic rate equation model for solid-state lasers, and demonstrated its application in (111)-cut Nd:YAG. It shows that anisotropic atom-laser interactions lead to two RO frequencies which offer insights into polarization mode coupling. The model was used to explain gain and output power anisotropies, which depend on pump laser polarization angle and laser crystal orientation. Conversely, the measured anisotropies (i.e., the measured polarized output powers and the in-and anti-phase ROs) could also be used with the model to estimate the laser crystal orientation and atom-laser interaction anisotropy.
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